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1. Introduction
Schechter’s localized critical point theorems [14] allow us to establish existence and localization of critical points of a
C1-functional, in a ball of a Hilbert space identiﬁed to its dual by using the Leray–Schauder condition on the ball boundary.
Recently, in [9], a version of Schechter’s results was obtained for Hilbert spaces which are not identiﬁed to their duals
making possible an easier application to nonlinear equations. Also in [10] (see additionally [6,7,11,12]) we dealt with the
vector method for the treatment of operator systems based on the use of inverse-positive matrices. The aim of this paper
is to combine these two approaches in order to prove the existence and localization of positive nontrivial solutions for
semilinear elliptic variational systems. Our new approach enriches the range of methods in the ﬁeld (see e.g. [1–5,15]) and
the results extend those for equations established in [9].
Firstly we present the variants of Schechter’s localized critical point theorems for a Hilbert space not identiﬁed to its
dual. Consider two real Hilbert spaces, X with inner product and norm (.,.), |.|, and H with inner product and norm 〈.,.〉,
‖.‖, and assume that X ⊂ H , X is dense in H , the injection being continuous. Denote by γ0 the best embedding constant
with
‖u‖ γ0|u| for all u ∈ X, (1.1)
that is γ0 = sup{‖u‖: u ∈ X, |u| = 1}. We identify H to its dual H ′ , thanks to the Riesz representation theorem and we
obtain
X ⊂ H ≡ H ′ ⊂ X ′
where each space is dense in the following one, the injections being continuous. By 〈.,.〉 we also denote de natural duality
between X and X ′ , that is 〈x∗, x〉 = x∗(x) for x ∈ X and x∗ ∈ X ′ . When x∗ ∈ H , one has that 〈x∗, x〉 is exactly the scalar
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given by
(u, v) = 〈Lu, v〉 for all u, v ∈ X,
and let J from X ′ into X be the inverse of L. Then
( J u, v) = 〈u, v〉 for all u ∈ X ′, v ∈ X .
We note that, in particular, when X = H , ‖.‖ = |.|, one has J = I and γ0 = 1.
By a wedge of X we shall understand a convex closed nonempty set K ⊂ X , K 
= {0}, with λu ∈ K for every u ∈ K and
λ 0. Thus K has not necessarily be a cone (when K ∩ (−K ) = {0}) and, in particular, K might be the whole space X .
In what follows we shall assume that J is “positive” with respect to K , i.e.,
J u ∈ K for every u ∈ K .
For a number R > 0, we denote by KR the set {u ∈ K : |u| R} and by ∂KR the set {u ∈ K : |u| = R}. We consider a C1
real functional E deﬁned on X and we are interested to solve the equation E ′(u) = 0 in KR .
We shall say that E satisﬁes the Schechter–Palais–Smale condition, SPS condition for short, in KR provided that any se-
quence of elements uk ∈ KR \ {0} for which
E(uk) → μ, J E ′(uk) − ( J E
′(uk),uk)
|uk|2 uk → 0,
(
J E ′(uk),uk
)→ ν  0
as k → ∞, has a convergent subsequence.
We say that E has the mountain pass property in KR if there are elements v0, v1 ∈ KR and number r such that |v0| <
r < |v1| and
max
{
E(v0), E(v1)
}
< inf
{
E(u): u ∈ X, |u| = r}.
We denote by ΓR the set of all continuous paths connecting v0 and v1 which do not leave KR , i.e., ΓR =
{γ ∈ C([0,1]; KR): γ (0) = v0, γ (1) = v1}, and by ξR and mR the following levels of energy
ξR = inf
γ∈ΓR
max
t∈[0,1] E
(
γ (t)
)
, mR = inf
u∈KR
E(u).
Also, we say that E is bounded from below in KR , if mR > −∞.
The main abstract results in [9] are as follows:
Theorem 1.1. Assume that ( J E ′(u),u)−ν0 for all u ∈ K with |u| = R and some ν0 > 0, E satisﬁes the SPS condition in KR and the
Leray–Schauder boundary condition
J E ′(u) + μu 
= 0 for all u ∈ K with |u| = R and μ > 0. (1.2)
If E has the mountain pass property in KR , then E has at least one critical point uξ ∈ KR \ {v0, v1} with E(uξ ) = ξR .
Theorem 1.2. Assume that ( J E ′(u),u)  −ν0 for all u ∈ K with |u| = R and some ν0 > 0, E satisﬁes the SPS condition in KR and
the Leray–Schauder boundary condition (1.2). If E is bounded from below in KR , then E has at least one critical point um ∈ KR with
E(um) =mR.
Remark 1.1.
10 Let N(u) := u − J E ′(u). Then condition (1.2) can be written under the form
u 
= λNu for all u ∈ K with |u| = R and λ ∈ (0,1). (1.3)
20 If N is a compact map in KR , then E satisﬁes the SPS condition in KR .
30 If all the assumptions of Theorems 1.1 and 1.2 hold, then the two critical points uξ ,um are different. If in addition
E(v1) E(v0), (1.4)
then um 
= v0.
Secondly we recall that a square matrix M of real numbers is said to be inverse-positive if its inverse M−1 has all the
elements nonnegative. An invertible matrix M for which I − M has all the elements nonnegative is inverse-positive if and
only if (I − M)k → 0 as k → ∞, or equivalently, if the spectral radius of I − M is less than 1 (see [8,10,13]).
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Consider the semilinear elliptic variational system⎧⎨⎩
−u1 = F1(u1,u2) in Ω,
−u2 = F2(u1,u2) in Ω,
u1 = u2 = 0 on ∂Ω,
(2.1)
where Ω is a bounded open set in Rn (n  1), F ∈ C1(R2+,R+) with F (0,0) = 0, Fi stands for the partial derivative of
F (τ1, τ2) with respect to τi (i = 1,2), and  is the Laplacian operator. In case that n 2 we also assume that
F1(τ1, τ2) a1τ p1−11 + b1τ q1−12 + c1,
F2(τ1, τ2) a2τ p2−11 + b2τ q2−12 + c2 (2.2)
for all τ1, τ2 ∈ R+ , some a1,a2,b1,b2, c1, c2 ∈ R+ and some p1, p2,q1,q2 ∈ [1,2∗). Here 2∗ = 2n/(n−2) if n > 2 and 2∗ = ∞
if n = 2.
Let X = H10(Ω,R2) with inner product and norm
(u, v) =
∫
Ω
(∇u1 · ∇v1 + ∇u2 · ∇v2)dx, |u| =
( ∫
Ω
(|∇u1|2 + |∇u2|2)dx)1/2
and let H = L2(Ω,R2) with inner product and norm
〈u, v〉 =
∫
Ω
(u1v1 + u2v2)dx, ‖u‖ =
( ∫
Ω
(
u21 + u22
)
dx
)1/2
.
We also denote by |.|e the Euclidean norm in R2 and by |u|q the norm in Lq(Ω,R2) (1 q∞).
Here E : H10(Ω,R2) → R is given by
E(u) =
∫
Ω
(
1
2
|∇u1|2 + 1
2
|∇u2|2 − F (u)
)
dx, u ∈ H10
(
Ω,R2
)
.
One has that E ′(u) = (−u1 − F1(u),−u2 − F2(u)) in H−1(Ω,R2),
( J v,w) = 〈v,w〉 for all v ∈ H−1(Ω,R2), w ∈ H10(Ω.R2),
and J v = (−)−1v , for v ∈ H−1(Ω,R2). Also N(u) := u − J E ′(u) = J f (u), where f (u) = (F1(u), F2(u)), and
J f (u) = (−)−1 f (u). (2.3)
We note that the symbols |.|q, |.|, (.,.), 〈.,.〉 and J will also be used for scalar functions, i.e. in respect to the spaces Lq(Ω,R),
H10(Ω,R), L
2(Ω,R) and H−1(Ω,R).
Assume that there are Banach spaces (Xi, |.|Xi ), (Yi, |.|Yi ) and (Zi, |.|Zi ) (i = 1,2) and continuous functions ψ1,ψ2:
R2+ → R+ nondecreasing in both variables such that:
H10(Ω) ⊂ Xi and H10(Ω) ⊂ Yi compactly; Zi ⊂ H−1(Ω) continuously; (2.4)
the map u → Fi(u) is continuous from Xi × Yi to Zi; and
∣∣Fi(u)∣∣Zi ψi(|u1|Xi , |u2|Yi ) (2.5)
for i = 1,2. Then N is completely continuous from H10(Ω,R2) to itself.
Denote by γXi , γYi , γZi the embedding constants corresponding to (2.4), i.e.,
|u|Xi  γXi |u|, |u|Yi  γYi |u| for all u ∈ H10(Ω) and
|u|H−1(Ω)  γZi |u|Z i for all u ∈ Zi .
Now we consider the cone K in H10(Ω,R
2), deﬁned by
K = {u ∈ H10(Ω,R2): u  0 in Ω}.
Here by u  0 we mean that u1  0 and u2  0. If u  0 in Ω , then f (u)  0 in Ω since f (R2+) ⊂ R2+ and so, according
to (2.3), J f (u) ∈ K . Consequently,
u − J E ′(u) ∈ K for every u ∈ K .
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eigenvalue λ1, i.e.,
φ + λ1φ = 0 in Ω,
φ = 0 on ∂Ω,
φ  0 and |φ| = 1.
Our assumptions are as follows:
(H1) There exists R > 0 such that
ψ1(γX1 R,0)
1
γZ1
R, (2.6)
ψ2(0, γY2 R)
1
γZ2
R, (2.7)
|τ |e = R, τ1 
= 0, τ2 
= 0 ⇒
{
ψi(γXiτ1, γYiτ2) 1γZi τi for
i = 1 or i = 2.
(2.8)
(H2) E has the mountain pass property in KR , i.e., there exist v0, v1 ∈ KR , and r > 0 such that |v0| < r < |v1| and
max
{
E(v0), E(v1)
}
< inf
u∈K|u|=r
E(u). (2.9)
Theorem 2.1. Assume that (H1) and (H2) hold. Then (2.1) has at least two distinct nontrivial solutions in KR .
Proof. We shall apply Theorems 1.1 and 1.2. First we show that (1.3) holds. Assume the contrary. Then u = λNu for some
u = (u1,u2) ∈ K with |u| = R and λ ∈ (0,1). If u1 
= 0 and u2 
= 0, then
|u1|2 = λ
(
N1(u),u1
)= λ( J F1(u),u1)= λ〈F1(u),u1〉
<
∣∣F1(u)∣∣H−1(Ω)|u1| γZ1 ∣∣F1(u)∣∣Z1 |u1|
 γZ1ψ1
(|u1|X1 , |u2|Y1)|u1|
 γZ1ψ1
(
γX1 |u1|, γY1 |u2|
)|u1|, (2.10)
and so
ψ1
(
γX1 |u1|, γY1 |u2|
)
>
1
γZ1
|u1|. (2.11)
Similarly
ψ2
(
γX2 |u1|, γY2 |u2|
)
>
1
γZ2
|u2|. (2.12)
Clearly (2.11) and (2.12) contradict (2.8). Similarly, using (2.6) and (2.7) we derive a contradiction if u2 = 0 and u1 = 0,
respectively. Therefore (1.3) holds.
Next we check that E is bounded from below in KR . First assume that n 2. From (2.2) we have
F (τ1, τ2) =
τ1∫
0
F1(s1, τ2)ds1 + F (0, τ2)
=
τ1∫
0
F1(s1, τ2)ds1 +
τ2∫
0
F2(0, s2)ds2
 a1
p1
τ
p1
1 + b1τ q1−12 τ1 + c1τ1 +
b2
q2
τ
q2
2 + c2τ2. (2.13)
Let γp be the embedding constant for H10(Ω) ⊂ Lp(Ω), i.e., |u|p  γp|u| for every u ∈ H10(Ω). Then using (2.13), if u ∈ KR ,
we obtain
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∫
Ω
(
1
2
|∇u1|2 + 1
2
|∇u2|2 − F (u)
)
dx
−
∫
Ω
F (u)dx
−
∫
Ω
(
a1
p1
up11 + b1uq1−12 u1 + c1u1 +
b2
q2
uq22 + c2u2
)
dx
− a1
p1
γ
p1
p1 R
p1 − b1γ q1q1 Rq1 − c1γ1R −
b2
q2
γ
q2
q2 R
q2 − c2γ1R
> −∞.
Now assume that n = 1. Let γ∞ be an embedding constant of H10(Ω) ⊂ C(Ω). Then, for every u ∈ KR , we have
E(u)−
∫
Ω
F (u)dx− max
τ1,τ2∈[0,c∞R]
F (τ1, τ2)mes(Ω) > −∞.
Hence in any case infKR E(u) > −∞. Thus Theorems 1.1 and 1.2 apply. 
The next results are concerning with some examples for which both conditions (H1) and (H2) are satisﬁed. We shall ﬁrst
assume that n 2. In this case, in (2.4), we take
Xi = Lpi (Ω), Yi = Lqi (Ω) and Zi = Lsi (Ω)
with pi,qi like in (2.2) and si = min{ pipi−1 ,
qi
qi−1 }. Also, in (2.5), we take
ψi(τ1, τ2) = a˜iτ pi−11 + b˜iτ qi−12 + c˜i,
where
a˜i = ai mes(Ω)
pi (1−si )+si
pi si , b˜i = bi mes(Ω)
qi (1−si )+si
qi si , c˜i = ci mes(Ω)
1
si .
Theorem 2.2. Let n  2. Assume that F ∈ C1(R2+,R+), F (0,0) = 0, and (2.2) holds for some p1,q2 ∈ [1,2) and p2,q1 ∈ [1,2∗)
satisfying
(q1 − 1)(p2 − 1) < 1. (2.14)
In addition assume that
F (τ ) c|τ |α+1e for all τ ∈ R2+ with 0 |τ |e  τ0, (2.15)
where c, τ0 > 0 and α > 1,
limsup
|τ |e→0+
F (τ )
|τ |2e
<
λ1
2
(2.16)
and
1
2
− cτα−10
∫
(φ1)
φ(x)α+1 dx 0. (2.17)
Then problem (2.1) has at least two distinct positive nontrivial solutions.
Proof. Fix any number β with max{2, p1, p2,q1,q2} < β  2∗ and choose a d with
limsup
|τ |e→0+
F (τ )
|τ |2e
< d <
λ1
2
.
From (2.13) and (2.16) we ﬁnd that there exists a constant cd > 0 with
F (τ ) d|τ |2e + cd|τ |βe for all τ ∈ R2+. (2.18)
Then, for every u ∈ K , we have
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2
2
−
∫
Ω
F (u)dx
 |u|
2
2
−
∫
Ω
(
d|u|2e + cd|u|βe
)
dx
 |u|
2
2
− d 1
λ1
|u|2 − cdγ ββ |u|β
= |u|2
(
1
2
− d 1
λ1
− cdγ ββ |u|β−2
)
.
Here γβ is the embedding constant for H10(Ω,R
2) ⊂ Lβ(Ω,R2). Since 12 − d 1λ1 > 0 and β > 2, we can ﬁnd a small enough
number r ∈ (0, τ0), such that
E(u) η > 0
for all u ∈ K with |u| = r and some η > 0.
Let v0 = 0 and v1 = τ0√2 (φ,φ). Clearly |v0| = 0 < r < τ0 = |v1|. Also E(0) = 0. Next (2.15) and (2.17) give
E(v1) = τ
2
0
2
−
∫
Ω
F (v1)dx
τ 20
2
− cτα+10
∫
(φ1)
φ(x)α+1 dx 0.
Hence (1.4) and (2.9) hold.
Since p1,q2 < 2 one can see that (2.6), (2.7) hold for large enough R . Also, one of the following quantities
a˜1τ
p1−1
1 + b˜1τ q1−12 + c˜1
τ1
,
a˜2τ
p2−1
1 + b˜2τ q2−12 + c˜2
τ2
converges to zero as |τ |e → ∞, proving (2.8). Indeed, three cases are possible if |τ |e → ∞:
(a) τ1 → ∞ and τ2 is bounded: then the ﬁrst ratio tends to zero obviously;
(b) τ1 is bounded and τ2 → ∞: the second ratio goes to zero;
(c) both τ1, τ2 tend to inﬁnity: if
τ
p2−1
1
τ2
→ 0, then the second ratio goes to zero; if not, i.e. if τ
p2−1
1
τ2
is bounded from
below by a positive number, then
τ
1
q1−1
1
τ2
= τ
p2−1
1
τ2
τ
1−(q1−1)(p2−1)
(q1−1)(p2−1)
1 → ∞
and so
τ
q1−1
2
τ1
=
(
τ2
τ
1
q1−1
1
)q1−1
→ 0.
Therefore both conditions (H1), (H2) are satisﬁed. The conclusion now follows from Theorem 2.1. 
Remark 2.1. According to Theorem 2.1 functions F1 and F2 are assumed to be sublinear in τ1 and τ2, respectively. However,
by (2.14), one of them can be superlinear in the other variable.
Example 2.1. Let F : R2+ → R+ be deﬁned by
F (τ ) =
{
c|τ |3e for 0 |τ |e  τ0,
a(|τ |e − τ0)3/2 + 3cτ 20 |τ |e − 2cτ 30 for |τ |e > τ0
for some a, c, τ0 > 0. If cτ0 is suﬃciently large, then (2.1) has at least two distinct positive nontrivial solutions. Indeed,
conditions (2.2), (2.14), (2.15) and (2.16) can be immediately checked with pi = qi = 32 for i = 1,2 and α = 2, while (2.17)
holds provided that cτ0 is suﬃciently large.
The next result deals with the case where both F1 and F2 have a linear growth in τ1 and τ2, i.e. pi = qi = 2 (i = 1,2)
in (2.2). Then a non-resonance condition in terms of coeﬃcients a1,a2,b1,b2 is necessary.
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addition assume that matrix
M := I − 1
λ1
(
a1 b1
a2 b2
)
is inverse-positive. Then problem (2.1) has at least two distinct positive nontrivial solutions u = (u1,u2)with |u1| R1 and |u2| R2 ,
where (
R1
R2
)
= 1√
λ1
M−1
(
c˜1
c˜2
)
.
Proof. First note that for pi = qi = 2, γXi = γYi = γZi = γ2 = 1√λ1 . We show that condition (1.3) holds without passing
through (H1). Let u = (u1,u2) be any solution in K of u = λN(u) for some λ ∈ (0,1). According to (2.10) we have
|u1| 1√
λ1
(
a1
1√
λ1
|u1| + b1 1√
λ1
|u2| + c˜1
)
,
|u2| 1√
λ1
(
a2
1√
λ1
|u1| + b2 1√
λ1
|u2| + c˜2
)
.
These can be written in the form( |u1|
|u2|
)
 1
λ1
(
a1 b1
a2 b2
)( |u1|
|u2|
)
+ 1√
λ1
(
c˜1
c˜2
)
.
Then ( |u1|
|u2|
)
 1√
λ1
M−1
(
c˜1
c˜2
)
,
that is |u1| R1, |u2| R2. Clearly (1.3) is satisﬁed for every R >
√
R21 + R22. 
A better result than Theorem 2.2 can be established for n = 1. In this case, in (2.4) and (2.5), we take
Xi = Yi = Zi = C(Ω) and ψi(τ1, τ2) = max
s1∈[0,τ1]
s2∈[0,τ2]
Fi(s1, s2).
Theorem 2.4. Let n = 1 and Ω = (0,1). Assume that F ∈ C1(R2+,R+), F (0,0) = 0 and conditions (2.15) and (2.17) hold for some
c, τ0 > 0 and α > 1. In addition assume that
lim
|τ |e→0+
F (τ )
|τ |2e
<
1
2
(2.19)
and that there exists R  τ0 such that
max
τ1∈[0,R]
F1(τ1,0) π R,
max
τ2∈[0,R]
F2(0, τ2) π R, (2.20)
|τ |e = R, τ1 
= 0, τ2 
= 0 ⇒
{
max s1∈[0,τ1]
s2∈[0,τ2]
Fi(s1, s2) πτi
for i = 1 or i = 2.
(2.21)
Then problem (2.1) has at least two distinct positive nontrivial solutions u = (u1,u2) with |u| R.
Proof. In this case we may take γXi = γYi = 1 and γZi = 1√λ1 . Indeed, if u ∈ H
1
0(0,1), then
∣∣u(x)∣∣= ∣∣∣∣∣
x∫
0
u′(s)ds
∣∣∣∣∣
1∫
0
∣∣u′(s)∣∣ds ( 1∫
0
u′2 ds
) 1
2
= |u|.
Hence |u|∞  |u| and so γXi = γYi = 1. Also, if u ∈ L2(0,1), then
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v∈H10(0,1)
v 
=0
|〈u, v〉|
|v| 
|u|2|v|2
|v| 
1√
λ1
|u|2.
If in addition u ∈ Zi = C[0,1], then |u|2  |u|∞ and so |u|H−1(0,1)  1√λ1 |u|∞ . Hence γZi =
1√
λ1
.
From (2.19) it follows that there exists r ∈ (0, τ0) with
F (τ ) r2
(
1
2
− ε
)
for |τ |e  r.
Let u ∈ K with |u| = r. Since |u|∞  |u| = r, we have |u(x)|e  r for all x ∈ [0,1]. It follows that
E(u) = r
2
2
−
1∫
0
F (u)dx r
2
2
− r2
(
1
2
− ε
)
= εr2 > 0.
This together with E(0) = 0 and E(τ0φ,τ0φ)  0 (as follows from (2.15), (2.17)) guarantees (1.4) and (2.9). Finally, (2.20)
and (2.21) guarantees (2.6)–(2.8) since γZi = 1√λ1 =
1
π . 
Example 2.2. Let F : R2+ → R+ be deﬁned by
F (τ ) =
{
c|τ |me for 0 |τ |e  τ0,
mcτm−10 |τ |e − (m − 1)cτm0 for |τ |e > τ0
for some c, τ0 > 0 and m > 2. If cτ
m−2
0 is suﬃciently large, then (2.1) has at least two distinct positive nontrivial solutions
u = (u1,u2) with |u|  mcτ
m−1
0
π . Indeed, conditions (2.19) and (2.15) are obviously satisﬁed with α = m − 1, while (2.17)
holds provided that cτm−20 is suﬃciently large. Also, since
Fi(τ ) =
{
mc|τ |m−2e τi for 0 |τ |e  τ0,
mcτm−10 τi|τ |e for |τ |e > τ0
we can immediately see that conditions (2.20), (2.21) are fulﬁlled provided that mcτm−10  π R . Thus, if we assume that
cτm−20 
π
m (in order to have R  τ0), we may choose R =
mcτm−10
π .
Example 2.3. Let F : R2+ → R+ be deﬁned by
F (τ ) =
{
c|τ |me for 0 |τ |e  τ0,
a(|τ |e − τ0)p|τ |qe +mcτm−10 |τ |e − (m − 1)cτm0 for |τ |e > τ0
for some a, c, τ0 > 0; 1 < p < 2, 0 q < 2 − p and m > 2. If cτm−20 is suﬃciently large, then (2.1) has at least two distinct
positive nontrivial solutions. Indeed, one has
Fi(τ ) =
{
mc|τ |m−2e τi for 0 |τ |e  τ0,
pa(|τ |e − τ0)p−1|τ |qe + qa(|τ |e − τ0)p|τ |q−1e τi|τ |e +mcτm−10
τi|τ |e for |τ |e > τ0.
Then
max
τ1∈[0,R]
F1(τ1,0) = pa(R − τ0)p−1Rq + qa(R − τ0)p Rq−1 +mcτm−10 .
Since p + q < 2, we have that
pa(R − τ0)p−1Rq + qa(R − τ0)p Rq−1 +mcτm−10  π R
for large enough R . Similarly one can guarantee the second condition in (2.20). To check (2.21) take any τ ∈ R2+ with
|τ |e = R and τ1, τ2 
= 0. From |τ |e = R , it follows that τ1  R√2 or τ2 
R√
2
. Assume that τ1  R√2 . Then condition (2.21) is
fulﬁlled for i = 1 provided that
pa(R − τ0)p−1Rq + qa(R − τ0)p Rq−1 +mcτm−10  π
R√
2
which again holds for large enough R . Similarly, if τ2  R√2 , then (2.21) is fulﬁlled for i = 2.
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